stichting
mathematisch
centrum MC

AFDELING ZUIVERE WISKUNDE ZN 89/79 APRIL
(DEPARTMENT OF PURE MATHEMATICS)

J.C.S.P. VAN DER WQUDE

HYPERTRANSFORMAT ION GROUPS AND RECURSIVENESS:
SOME REMARKS ON AN ARTICLE OF S.C. KOO

2e boerhaavestraat 49 amsterdam

BIBLIOTHEEK MATH VISCH O CONTRUM

e AT TER DAL




Printed at the Mathematical Centre, 49, 2e Boerhaavestraat, Amsterdam.

The Mathematical Centre, founded the 11-th of February 1946, is a non-
progit Anstitution aiming at the promoiion of pure mathematics and its
applications. 1L is sponsored by the Netherlands Government through the
Netherlands Onganization forn the Advancement of Pure Research (Z.W.0).
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ABSTRACT

We present here a study about hypertransformation groups (T,2X), in-
duced by a topological transformation group (T,X). In particular this note
is concerned with recursive properties, following the articlé of S.C. KOO
on this subject. However, we skip his requirement of all phase spaces being

compact T2 and so we obtain generalization of his results.
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0. INTRODUCTION

In [4] KOO studies recursive properties inhypertransformation groups, in-
duced by topological transformation groups with compact T2 phase space. Indoing
so, he uses the uniform structure on 2x, induced by the uniformity on X.
This paper is a collection of thoughts after'[4], and the intention is two-
fold. First, we.shall give simpler proofs of some of his results, using as
much as possible the less complicated Vietoris topology on 2X, instead of
its uniformity. Second, we skip the requirement of all phase spaces being
compact T2.

The first section is a brief summary of useful aspects of hyper spaces.
The second section is concerned with the orbit closure relation and the
space of orbit closures as a subspace of 2X. In the third section we intro-
duce hypertransformation groups and give a generalization of [4], Theorem
1.1, showing the elegancy of the Vietoris topology on 2X. Sections 4 and 5
are-conce;ned with recursiveness and in majority they provide generaliza-
tions and two-fold proofs.

For a more detailed study of hyperspéceé we refer to [5]. The results

of the Theorems 2.3, 2.5 and 4.4(b) seem to be essentially new.

CONVENTION: ALIL TOPOLOGICAL SPACES UNDER CONSIDERATION ARE ASSUMED TO BE T1
(except for quotient spaces and the underlying topological

spaces of the acting groups).
1. HYPERSPACES

For a topological space X define

C(x) {acX|A#¢ and A compact},

X

2 {ncx|A#¢ and A is closed}.

X .
Observe that {x} e C(X), and {x} € 2% for all x € X and C(X) € 2" if X is
Hausdorff. We may topologize C(xX) and 2X by the Vietoris topology as follows.
For A = C(X) or A = 2% and open subsets U,,...,U, of X, set

. n
<U1:"°IUn>={E€A l E-C_igl Uiand EnUi#¢ foriE {1’..-,n}}.



Then the basis for the Vietoris topology on A is formed by the collection
'{<U1,...,Um> c A ] me N and U, open in X for i € {1,...,m}}.

- *
Let (X,U) be a uniform space. Then U induces a uniform structure U on 2X.

Define for all a € U and E « 2X

a(B) = U{a(x) | x e E} ={y e X | 3x € E A (x,y) € a}
and )

={(,B) € 2x2* | A ca(®) ABca@]l.

Q
|

Then the collection {a | o e U} constitutes a basis for the uniform struc-
ture U* on 2X. We shall write 2§ or 2? if we consider 2X with the uniform
topology or the Vietoris topology, respectively. Since the topologies coin-
cide on C(X), there is no need to distinguish between C(X)u and C(X)f.

. For proofs of the

If X is compact Hausdorff, then 2X = C(X) and Zi = 2?

following facts we refer to [5].

THEOREM 1.1.

a. 2x and 2x are T,;

£ u X 1
b. X is T3 iff 2f is T2;
c. X is T, iff C(X) is T

3%’

is compact

3%

d. X 1s compact iff 2X

£

e. X is compact T, iff 2X is compact T

2 2°

Let X and Y be topoldgical spaces and £: X - Y a surjective map. If f

*
is closed, define £ 2% 5 oY by £ (E) = £f[E] for all E € 2. If £ is con-

. ek X <k L =
tinuous, we may define £ : Y > 2 by £ (y) = £ (y) for all v € ¥ and

£ 2 5 2% py £ (D) = £ID] for all D € 2°. Then:

THEOREM 1.2.

* .
a. £ : 2? - 2: is continuous (topological) iff £ is continuous (topological);

b. £ 2§ > 2§ is uniform continuous (topological) iff £ is uniform con-

tinuous (topological):;
<%
c. f+**: 2: +2§ is continuous iff £ : Y - 2? is continuous iff f is open

and closed.



2. THE SPACE OF ORBIT CLOSURES AND 2?

A topological trahsfbrmation group (ttg for short) is a triple (T,X,7),
with T a topological group, X a topological spéce and ©w: TXX - X a continu-
ous map, such that
a. n(e,k) = x for all x € X, and
b. n(s,m(t,x)) = m(st,x) for all s,t € T, x € X.

We shall write ﬂt(x) = 7(t,x) = ﬁx(t); then ﬁt: X - X is a homeomorphism
for every t € T. Denote the orbit {w(t,x) | t e T} of x in X by T'(x), let
C(x) = T(x) be the orbit closure of x in X and define f: X > 2% by x # C(x).
Then, in general, f fails to be continuous. However, f is always lower
semi-continuous (that is, {x € X ] f(k) nNU#¢} is open for every open U
inX). Remember that for a ttg (T,X,7) a subset A ¢ X is called minimal, if
A is nonempty, closed, invariant and A does not admit a proper subset with
those properties.

THEOREM'2;1. Let (T,X,m) be a ttg and let £: X - 2? be continuous. Then
every orbit closure is minimal. (In partiouiar: X is pointwise almost

periodic, if X is compact and £ is continuous.)

PROOF. Let x € X and suppose C(x) is not minimal. Then there is a y € C(x)
with C(y) # C(x). Since ZX is T1 (Theorem 1.1(a)), there is a nbhd V of

. C(y) in 2X, such that C(x) ¢ V. The continuity of f gives us a nbhd VY of

£
y in X, with f[Vy] c V. Now y € C(x), so Vy nTI'(x) #¢, say m(s,x) € Vy'

Then C(x) = C(w(x,s)) = £(n(s,x)) € f[Vy] < V, a contradiction. [J

If every orbit closure in X is minimal, we may define an equivalence
relation C on X by xCy ¢ x ¢ C(y). Denote the quotient space X/C, endowed
with the quotient topology, by (X/C) and define (X/C) as the collection

{c(x) ] x € X} ¢ 2% with the relatlve topology. Remark that if (X/C)

£
exists, then it is (set-theoretic) isomorphic to (X/C)f

LEMMA 2.2. The gquotient topology on X/C is weaker than the Vietoris topology.

PROOF. Let g: X -+ (X/C) _be the quotient map, and let U ¢ (X/C) be open.
. -
Then q [U] = {y € X I C(y) € U} is open in X, so <q “Tul> is open in 2

A



Moreover, U = <q LUJ> n (X/C); for if q(y) = C(y) € U, then C(y) < g [U]
and C(y) € <q+[U]>, so Uc <q+[U]> n X/C. Conversely, if q(z) = C(z) €

€ <q+[U]>, then C(z) etq+[U], so z € q+[U] and q(z) € U. Hence <q+[U]> n
n (x/c) cu. O '

THEOREM 2.3. Let (T,X,7) be a ttg and let f: X +-2X be continuous (x # C(x)).
Then (X/C)q = (x/C)f.

PROOF. Observe that (X/C[q exists (see Theorem 2.1). Let i: (X/C)q -> (X/C)f

be the set-theoretic isomorphism and

X
let £%: X > (X/C)f be the corestric-
tion of £ to (X/Cl.. Then £' is q N £
continuous and £! = ieg. Since ‘ v
s d 1 /0 ¥ (X/C)
is a quotient map, it follows q i

that i is continuous. In view of Lemma 2.2 this proves our theorem. []

' 'COROLLARY. 2.4. For a ttg (T,X,w) the following statements are equivalent:

1. £: X » 2X is continuous;
2. C is an equivalence relation and (X/C)q c 2?

" THEOREM 2.5. Let (T,X,m) be a ttg with compact phase space. Then f is con-
tinuous, if (X/C)q is Tse

i'ggggg} Choose ﬁ € X and let <U1,...,Un> be a basis open nbhd of £(x) in 2?,
i.e., C(x) ¢ igl U; = U and C(x) n U, #¢ for all i € {1,...,n} (U; open
in X).

First we show that
a. there exists a nbhd Ox of x in X, such that £(z) ¢ U for every z ¢ Ox'
Let v ¢ U; then C(x) # C(y) and there are opeh nbhds Vi and V. of C(x) and
C(y) in (X/C)q with,Vi n Vy = ¢. Then Oy = q+[Vy] and Oz = q+[Vi] are dis-
joint open nbhds of y and x in X and both are the union of orbit closures.
Since'{oy | y ¢ U} is an open covering of X/U and X/Umis compact, there
are anmm eyg@ and Yyreeor¥y in X/U, such that X/U‘g igl Oyi = 0. Now’
o, = .ﬂ1 Ox is an open nbhd of x in X with Ox n o=¢ and Ox is the union

x i=
of orbit closures. For every 2z € Ox we clearly have £(z) ¢ Ox c U.

' Next we show that

b. there exists a nbhd Vx of x in X, such that for every z € VX and every



ie{1,...,n}, £(2) n u, # ¢ For every i € {1,...,n} U, is open and

=1
c(x) n U, # ¢, so there ex1sts at; in T with ﬂ(t X)) € U, - Now ot [U 1is
an open nbhd of x and for every z € ntl [U ] we have C(z) n U, # ¢. Define

X =1
# ¢ for all z € VX.

n
vV = ﬂ ﬂtl [U J. Then V is an open nbhd of X in X, such that £(z) n Ui #

Furthermore,
c. Define Wx = ox n Vx' Then £(z) n Ui # ¢ and £(z) € U, so

f(z) € <U1”"’Un> for every z € Wx' and f is continuous. U

COROLLARY 2.6. Let (T,X,7m) be a ttg with compact T, phase space. The fol-

2
lowing statements are equivalent:
1. £: X » 2X is continuous;
2. C is an equivalence relation and (X/C) ¢ 2X (='2§ = Zﬁ);

3. C is an equivalence relation and (X/C)q is TZ'

The following provides an example of a situation in which f is contin-
uous. Remember that in a ttg (T,X,n) with a uniform phase space a point
x € X is called equicontinuous whenever, for every o € U {(uniformity on X),
there exists a B € U, such that w(t,y) € a(n(t,x)) for every y € B(x) and

every t € T.

EXAMPIE 2.7. Let (T,X,m) be a ttg, with compact T2 phase space and let

X € X be an equicontinuous point. Then f is continuous in x.

PROOF. Remark that 2X = 2§ = 2§. Let U be the unique uniform structure on

X and let o € U be closed and symmetric. Then a*(f(x)) is a nbhd of f (x)
in 2X. We have to prove that there exists a B € U, such that £(B(x)) ¢

< a*(f(x)) or, equivalently, that C(y) < a(C(x)) and C(x) ¢ a(C(y)) for

every v € B(x). Since x is equicontinuous, there exists a B € U, such that

for every v € B(x) and t € T we have w(t,y) € a(n(t,x)), so T(t,x) €
u_l(ﬂ(t,y)) = a(w(t,y)). Now {7(t,y) I t € T} ¢ Wa(lr(t,x)) I t e T} =

a(l'(x)) c a(C(x)) and also T(x) < a(C(y)). Since o is closed, it follows

that C(y) € a{C(x)) and C(x) < a(C(y)) for all y € B(x). g

COROLLARY 2.8. If X is equicontinuous, then f is continuous and (X/C)q

is T2.

&



3. HYPERTRANSFORMATION GROUPS

Every ttg (T,X,m) 1nduces a ttg ( f,ﬁ) and in case X is a uniform
space, also a ttg (T 2 ,n), where Td stands for the topological group T
with the discrete topology. The action #: T X2X -> 2X is defined by

) d
F(t,n) = ﬂt[A].‘Since every 7t is a homeomorphism, it follows that every

% .
ﬁt = ﬂt is a homeomorphism and it is easy to verify that 7 = izx and

s .t ~St
ks

THEOREM 3.1. Let (T,X,m) be a ttg with arbitrary phase group T. Then
(T,C(X),%) is a ttg.

PROQF. Since Cx) c 2x is invariant in (T 2X,ﬁ), we only have to check the
continuity of #: TxC(X) + C(X). Choose (t, A) € TXC(X) and 1et <U1,,..,U >
be a basis open nbhd of #(t,A) = 7 tral. Then 7°[al < U U, and 7 [A]n(J £ ¢
for all i € {1,...,n}. Since v is continuous and A is compact, there are
open nbhds VO of t in T and O, of A in X, such that w[VOXO 1lc U U; . Fix

t A = i=1
X, € A with 7w(t, X, ) € U for i = 1,...,n. Then by the contlnulty of 7 there

are open nbhds V of t ln T and WX of X in X, such that =i CvoxW 1le

t t X§ 1

and Wxi < OA' Now Vt = ﬂ V is an open nbhd of t in T, <OA,WX1,,..,Wxn>

is an open nbhd of A in C(X) and ﬁ[VtX<OA,WX1,...,WXn>] < <U1,...6Un>. For

letns € V. and E € <OA'WX1"f"Wxn>' then E ¢ O,r SO #(s,B) ¢ ﬂ[Vt

¢ .U U..Also EnW, #¢ for all i € {1,...,n}. Choose e, € E n Wy ; then
i=1 i X, i i

X <
oA] <

i
ﬂ(s,ei) € ®(s,E) n Ui'

This proves the continuity of #. [

COROLLARY 3.2 [kool. Let (T,X,m) be a ttg with arbitrary phase group T and

X
compact phase space X. Then (T,2 ,%) (= (T,2§;ﬁ) =(T,2§,ﬁ)) is a ttg.

In the sequel we assume the existence of (T,Zi,ﬁ) oxr (T,2§,ﬁ) as soon
as we discuss them. Also we shall skip the action-symbol and write the
action as a left multiplication of elements (subsets) of X by elements of

T: tx:=m(t,x), tA:=%(t,A).



4. RECURSIVENESS IN X AND 2x

The following definitions are taken from [3]. Let T be a topological
group and let H be a fixed collection of subsets of T, the so called admis-
sible sets. ‘ '

Lef (T,X) be a ttg. A point x € X is recursive, if for every nbhd U of
X in X there exists an admissible set H with Hx € U; x ¢ X is locally re-
cursive, if for every nbhd U of x in X there exist ah H € H and an open
nbhd V of x in X with HV ¢ U.

X is called pointwise (locally) recursive, if every x € X is (locally)
recursive.

Let (X,U) be a uniform space; thén X is called uniformly recursive, if
for every a € U there exists an H ¢ H, such that Hx < a(x) for every x € X.

If we choose H to be the collection of all right-syndetic subjects of

T, then this special form of recursiveness is called almost periodicity.

In the following we find generalizations of [4] Theorems 2.3, 2.1,

2.2 in 4.2, 4.3 and 4.4(a), respectively. Theorem 4.4 (b) seems new.

REMARK 4.1.
a. If %x € X is locally recursive, then x is recursive;

b. if X is uniformly recursive, then X is pointwise locally recursive.

‘THEQREM 4.2. Let (T,X) be a ttg and (X,U) a uniform space, such that (T,2§)

, X . , , , , , .
is a ttg. Then 2u is uniformly recursive iff X is uniformly recursive.

PROOF, [4] Theorem 2.3, since the compactness of X has not been used in

the proof. [

THEOREM 4. 3.

a. Let X be T3. If 2? is pointwise recursive, then X is pointwise locally
recursive;

b. let (X,U) be a locally compact uniform space. If 2§ is pointwise recur-

sive, then X is pointwise locally recursive.

PROOF. Choose x € X and let Ux be an open nbhd of x in X. Then there exists

s . . oyl et X .
an opén nbhd V_ of x in X with x e V_ € V_ € U_. Then V_ € 2 and <U_> is
X X x X b4 X



S . X . S . . . X .
an open nbhd of VX in 2_. Since Vx is a recursive point in 2f' there exists

£
an H € H with Hﬁx c <Ux>. So HVx = Ux' and x is locally recursive in X.

If X is locally cdmpact, we may choose Vx to be compact. Now there
exists an a € U, such that a(Vx) c Ux. Since 2§‘is pointwise recursive,
there is an H € H with HVx c a*(Vx). Then for every h ¢ H we have th =

coa(V) €U, so HV_ c U ‘and x is locally recursive. [
p'4 X X b4

THEOREM 4.4. Let T be an abelian group. Then the following statements hold,
both for 2X and 2X:

f u
a. x € X is recursive iff every finite subset of I'(X) is recursive in 27;
b. x € X is locally recursive iff every finite subset of T'(x) is locally

N . X
recursive in 2 .

PROOF. Observe that in both cases the "iff" part is trivial. First we prove

the theorem for 2 . Case a. is Theorem 2.2 of [4].

b. Let A = {t x,...,t n} ¢ T(x) be a finite subset of T(x) and let a (A) be
a basis—open nbhd of A in Zﬁ for some symmetric a € U. Since ﬂtl is contin-
uous for i € {1,...,n}, there exists a B € U with tiB(x) c a(tix) for every
ie {1,...,n}. Because x is locally recursive, there are H € H and § ¢ U
with HS (x) < B(x) By the continuity of every wt{ we can find a symmetric
vy el w1th t y(t x) € 8§(x) for every i € {1,...,n}. We shall prove that
HY (a) ¢ a (A), so that A is a locally recursive point in 2

Let E € Y (A), so E € y(A) and A £ Y(E). For every e € E there is an
ie'e {1,...,n}, such that e € Y(tiex) and for every i € {i,...,n} there is
an e; E, such that tix € y(ei) and, by the symmetry of v, e, € Y(tix).
If e € Y(tix), then for every h € H we have he ¢ Hy(tix) < Hti6(x) =
= t,H8(x) c t,;B(x)

c a(tix) and also t;x ¢ a(he). Now it follows that

hE

U{he I e € E} ¢ Ula(t; x)) | e € E} < a(a)
e

and

o
I

Ult;x | 1 e {1,...,0}} ¢ Ulathey) | 1 e {1,...,n}} c a(hE),

. -
so hE € a*(A). Since h € H and E € v (A) were arbitrary, it follows that
* *
Hy (a) c o (A).
We now turn to 2?. Let A = {tlx"“'th} c I'(x) be a finite subset of

&



' X
I'(x) and let <U1,...,Un> be an open nbhd of A in 2f‘ For every je {1,...,n}
choose an element kj 67{1,...,m}, such that ty X € Uj' and for every

ke K= {1,...,m}\{kj | 3 =1,...,n} choose an L
1 ‘

- -1 .
t (x) e Uzk. Then O = Ql tkj Uj n ﬂ{ek Uy | x € K} is an open nbhd of

e {1,...,n}, such that

x in X.

a. Let x € X be recursive. Then there is an H € H with Hx < O, so ch:tk1 j
for every j € {1,...,n} and Hx

In

tk Uy, for every k e K. since T is
abelian, it follows that Htk X C U] and Htk c Uzk for every 3 e {1,...,n}

and k € K. But then HA ¢ <U1""’U > and A is recursive in 2

b. Let x € X be locally recursive. Then there are an H € H and an open nbhd
Ve of x in X with LA O, so HV tk1 UJ and HthV c UJ for every

je {1,...,n} and BV tk Ugy” hence HE V. S Ug for every k € K. If we
enumerate the elements of K as kn+1""'kp' then we may defirne

W = <tk1V ,...,tk V >, Then A € W and we shall prove that HW < <U1,...,Un>,

X
that is, the p01nt A€ 2 is locally recursive in 2

£

Let Be W, so B¢ ﬁ tk v, and B n tk V. # ¢ for every i ¢ {1,...,p}.
For every h € H we have hB C U{htk V. | ie {1,...,p}} But hty.V ¢

€ Htg;V_c U, for i ¢ {1,...,n} and htk Vv, € Htg,V, < Ug for every

k.
i
ie {n+1,...,p}, so hB ¢ U U, . Also hB n htk v, # ¢, so hB n Uy # ¢ for

every i € {1,...,n}. It follows that hB ¢ <U1""’Un> g

- LEMMA 4.5. Let X be point transitive, and let x € X be such that X = C(x).
Then {E ¢ 2° | E € I'(x) and E is finite} is a dense subset of 2?.
PROOF. Let <U1,...,Un> be an open basis set in 2?. Every'Ui is open in X

and so it contains an element from I (x), tix € Ui say. Then

= {tlx,...,tnx} € <UysenrU > ad

COROLLARY 4.6. Let T be abelian and X = C(x) for a (locally) recursive

X € X. Then 2? has a dense subset of (locally) recursive points.
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5. ALMOST PERIODICITY

We shall apply and refine Section 4 for the special case of almost
periodicity, that is recursiveness where the admissible sets are the
right-syndetic subsets of‘T.

We.shall call two points x and y in X topologically distal, whenever
either x=y or there does nof exist a net {ti} in T, Such‘that
lim t,x =2z = lim t.y. Equivalently, x and y are topologically distal iff
Cix,y) n Ax = ¢ in XxX, where Ax denotes the diagonal in XXX. For compact
T2 spaces X with uniformity U this is equivalent to the existence of an
a € U, with (tx,ty) ¢ o for every t € T, and so x and y are topologically
distal iff they are distal. We shall éall X topologically distal, if every
x and y in X are topologically distal.

The following result generalizes [4] Lemma 4.2. Also compare [4]

Lemma 4.1.

THEOREM 5.1. Let X be a T3 space (uniform space) and let {x,y} be an almost
periodic point in 22 (2§). Then x and y are topologically distal points inX.

PROOF. a. Let X be T, and assume x # y. Then there are closed nbhds U and V

3

of xand y in X, with U n V = ¢, so (UxV) n Ax = ¢. Since {%x,v} € <U°,V°>
s gs s X ; . .

~and {x,y} is almost periodic in 2f, there exists a right-syndetic subset

H of T, such that H{x,y} < <u’,v°>. It follows that H(x,y) < u’xv® u vxu’

and so H(x,y) <€ UxV U VXU and also H(x,y) n Ax = ¢, Let K ¢ T be compact,

such that KH = T. Then K H(x,y) n Ax = ¢, Since K H(x,y) = KH(x,y) = C(x,y),
this shows that x and y are topologically distal.

b. Let (X,U) be a uniform space and x # y. Choose a symmetric 8 ¢ U, such
that 8(x) n B(y) = ¢ and choose a closed index we€ [U*] (the uniform struc-
ture on 2§ induced by U) with w ¢ g*. Since {x,y} is an almost periodic

point in 2§, there exists a right-syndetic set H ¢ T with H{x,v} ¢ w({x,v}),
so H{x,v} ¢ wl{x,v}) ¢ B*({x,y}). We shall prove that H{x,y) n Ax = ¢, so

that, similar to part a, x and y are topologically distal in X.
Suppose (z,z) € H(x,y), then for every a € U there is an h € H, with

(hx,hy) € a(z)*a(z), and so h{x,y} € a(z). For symmetric o ¢ U it follows,

&
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that hix,y} ¢ a*(z). Since U has a basis consisting of symmetric indexes,
it follows that {z} e H{x,y} € B*({x!y}). But then {x,y} < B(2) and

z € B(x) n B(y), which contradicts our assumption about B € u. g

COROLLARY 5.2. Let X be a T3—space (uniform space). Then X is topologically
. , X X, . . ; s , s
distal, if 2f (2u) is pointwise almost periodic. If X is compact T2, then

X is distél, if 2X is pointwise almost periodic (L4], Corollary 4.2).

LEMMA 5.3. Let X be a topological space (uniform space) and n € N, Then
. s s . X X . ; .
{xl,...,xn} is almost periodic in 2f (2u), if (xl,...,xn) is almost period-—

. . n
ic in X .

_PROOF', a. Let <U1,...,Um> be an open nbhd of {Xl"'f’xn}‘ Choose for every

ied{i,...,m} an element ji e {1,...,n}, such that x5, € Uy and for every
i

k € {1,...,n}\{ji I ie{1,...,m}} an i, € {1,...,m}, with x € Uik. Define

for every % € {1,...,n} a nbhd Vz of X, as follows:

If e {3 | i e {1,...,m}} then v := n{u, | 5. = 23,

Now V1 X cos X Vn is a nbhd of (xl,...,xn) in Xn, so there exists a right-
syndetic subset H of T, with H(xl,...,xn) c V1 X sas X Vn and obviously,

H{xl,...,xn} [ <U1,.,.,Un>.

b. Straightforward. [

THEOREM 5.4. Let X be a compact T, space. Then the following statements

2
are equivalent:
a. X is distal;

e s c e s X
b. every doubleton in X is almost periodic in 2;

. , , ax s X
c. every finite subset of X is almost periodic in 2.

PROOF. ¢ = b trivial; b = a (Theorem 5.1); a = c. Let E £ X be finite,
with |E| = n. Then Xn is distal, so pointwise almost periodic. From

Lemma 5.3 it follows that E is almost periodic in«2x. O

. Note that, if T is abelian, then X is pointwise almost periodic iff

every finite subset of T'(x) is almost periodic in 2X for every x € X, so
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in particular, if X is minimal, then 2f has a dense subset of almost periodic

points (4.4(a) and 4.6).

THEOREM 5.5 [K00] ([4] Theorem 4.1). Let X be compact T,. Then the following
statements are equivalent: ‘
a. X is 'uniform almost peiiodic;

b. 2X is pointwise almost periodic;

C. 2x is uniform almost periodic.

PROOF. a = ¢ (Theorem 4.2); c => b (Remark 4.1). b = a X is distal by
Corollary 5.2 and pointwise locally almost periodic by Theorem 4.3, so

X is uniform almost periodic by [2], 5.28. [

THEOREM 5.6. Let X be a T3—space (uniform space) and let {xl,...,xn} be
X

, . X .
almost periodic in 2 (2u). Then for every A € C{xl,...,xn} we have [A| = n.
PROOF. First observe that, for an arbitrary ttg (T,Y) and for every y € Y
which is almost periodic and has local basis of closed nbhds, we have that
C(y) is minimal. Let A € 2X be a compact subset of X. It follows from the
regularity of X, that A has a local basis of closed nbhds, both in 2? and

in 2§ ([51, 4.9.10). So if A ¢ 2? (2§) is compact and almost periodic, then
X
£

A€ C({xl,...,xn}). So let A € C({xl,...,xn}) and supposé {a] > n. Choose

C(A) is minimal in 2 (2§). We show first that |A| < n for every

" n+l1 different points in A, Yyree-s¥, SaY.

a. Let Vl""’vn+1 be pairwise disjoint open nbhds of Yyreser¥ , respect-

n+l

ively. Then A € Vyreee,V ,4/X>. However, <V, ,...,V_ ,,X> 0 F({xl,...,xn})=

n+l1
= ¢, otherwise there would be t € T and j € {1,...,n}, with txj occurring

in two different Vi's.~It follows that A ¢ C({xl,...,xn}), a contradiction.

b. Choose a symmetric a € U such that {a(yi) I ie{1,...,n+1}1} is pairwise

disjoint. Similar to a we get a contradiction.

In the same way the assumption |A| < n for some A ¢ C({xl,...,xn}) leads to
the conclusion that {xl,...,xn} ¢ C(A), which contradicts the minimality of

C({xl,...,xn}). 4

We now want to prove a converse of Lemma 5.3, which in the case of

2
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compact T2 spaces has been done by KOO ([4], Theorem 4.2). Our method is
exactly the same, but a weaker condition turned out to be sufficient.
Define the map f: > 2B by f((xl,...,xn)) = {xl,...,xn}. Then £ is easily
seen to be equivariant, i.e., f(t(xl,...,xn)) - tf((X1'°"'xn)) for all

t e T. Also, f is continuous with respect to 2f as well as 2§. Indeed, let
<U1'§"'§m> (a*({xl,...,xn} fgr a symmetric o € U) be a nbhd of {xl,...,xn}

in 2f (2u); then f(le...XVn) c <U1,...,Um> (f(a(xl)x...xa(xn)) <

= a*({xl,...,xn})) with Vv X...XVn as in the proof of Lemma 5.3.

1
We need the following theorem, due to EISENBERG ([11).

THEOREM 5.7. Let (T,X) and (T,Y) be ttg's with compact T. phase spaces and

2
_let Y be minimal and X point transitive. Let g: X - Y be a continuous equi-

variant, locally one-to-one surjection., Then X is minimal.

LEMMA 5.8 ([4] Lemma 4.4). Let X be a T,-space and let (xl,...,xn) e x" be
such that X # xj for i # j. Then f is locally one-to-one in (Xl""’xn)’

i.e., £ is one-to-one on some nbhd of (X, ,c.es%X_)a
1 n

LEMMA 5.9. Let X be T3 (uniform) and let {xl,...,xn} be an almost periodic

point in 2? (2§); then £° = f! is a locally one-to-one map

C((Xl,...,Xn))
from C((xl,...,xn)) onto C({xl,...,xn})°

PROOF. Clearly f(F((xl,...,xn))) [= P({xl,...,xn}); the cbntinuity of £ im~
" plies that f(C((xl,...,xn))) [ C({xl,...,xn}). So by Theorem 5.6 we have

for every (yl,...,yn) € C((Xl""’xn)) that ¥; # Yy if 1 # j; hence f' is
locally one-to-one by Lemma 5.8. We shall prove that f(C((xl,...,xn))) is
closed in C({xl,,..,xn}). Then the minimality of C({xl,...,xn}) (see the
beginning of the proof of Theorem 5.6) implies that f' is surjective.
Assume the existence of an A ¢ C({xl,...,xn})\f(C((xl,...,xn))). It is clear
from Theorem 5.6 that |A| = n, A = {yl,...,yn} say. Then for every permuta-—

tion 0 of 1,...,n holds (yo(ll”’°'y )) ¢ C((xl,...,xn)), s0 we may choose

o(n
. - . . . (0] (o}
pairwise disjoint open nbhds Vi of Yioln X, such that vo(l)x"'xvc(n) n
N C((%yreeerx)) = ¢. Define v, = ﬂ{Vi I o permutation of 1,...,n}. Then
. . X .
<V s...,V > is a nbhd of {yl,...,yn} in 2, with <V,,...,V > n
N E(C((Xy,eenyx))) = ¢, Now £(C(x,,-..,% )) is closed in C({Xl""’xn})'

In the,case of 2u we choose suitable symmetric ac e U and similar to the



1 4 ‘ AY
case of 2? it follows that f(C((xl,...,xn))) is closed in C({Xl""’xn})’ 0

The following result is the converse of Lemma 5.3 and it slightly

generalizes [4], Theorem 4.2.

THEOREM 5.10. Let X be locally compact T2 Then (xl,...,x ) is an almost
perlodlc point in X", iff {xl,...,x } is an almost periodic point in 2

(2 ) and C((xl,...,x )) is compact.

PROOF. " = " Xn is locally compact T2, so C((xl,...,xn)) is compact

and by Lemma 5.3, {xl,...,x } is almost periodic.

" < ". By Lemma 5.9, f': C((xl,...,x )) > C({xl,...,x }) satisfies the

. conditions of Theorem 5.7. Since C({xl,...,x }) is minimal and C((xl,...,x ))
is point transitive, it follows from Theorem 5.7 that C((xl,...,xn)) is

minimal, so (xl,...,xn) is an almost periodic point in Xn. [
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